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1. INTROLAUCT EON

Uptical contact has been proposed as a method of joining tused

silica parts in th: Stanford relativity satellitc. Since little i

1
known about optii:l contact, we shall present a theory of optical
contact and a program of research to furtner determine the properties
of the bond.

When two flat polished glass surtaces arc pressed together. an
adhesion takes place 1n the area around tne point whore the Yorce 18
applied, ‘lhe adhered arca shows up as a “dark" spot between the wlass
plates. If the pressure 1s applied long enowgh. the spot hegins to
grow, even when the pressure is removed, until the entire area appears
uniformly dark, The giass pieces cannot be separated by force without
breaking, indicating that there is ccnsiderasble adhesion between the
surfaces. This phenamenon 1s called optical contact.

Uptical contact has been an obscure and little understood laboratory
curiosity for many years, and has been described by many Jhservers,
including Lord Rayleigh. Unly = complete development of the (uantum
ﬁature of the forces invnlved haos given us un explanation of this
phenomencn. lndeed, any application of opticul contact for practicat
aditesron of lass to glass depenus un an uwader tanding 6{ the torces
tnvolved,

Mricail bonded pleces off quartz can be sy srated by wsmersion In
# sinrdble peneteating ol This I3 a vers uicefal property ol lowtnp
parts t¢ be demounted after assomhly In addition to this 1s the

property ot distributing strains over the entite suriace,

REPRODUCIBILITY gp 1
UCIBIL, Hi:
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With mechanical .fasteners, the strains. are concentrated at the point
of fastening. Since_the relativity satellite will ve cooled to four
Kelvins, the spreading of thermally induced strain is an important
property,.

In this paper we shall present a plausible theory of the nature
of optical contact, explain the seéparation by immeérsion in liquid, and

present a.program of experimentation to_investigate various parameters

that are of technological interest.
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11, INTERSAL AND SURFACE STRUCTURL OF JUSED SILICA

It is commonly agreed that all silicates and silicate glasses are
made up of silicon oxide tetrahedra which form the basic units of the
vitreous sheleton. Structures of this.kind follow Pauling's rule. which
states that adjacent tetrahedra can combine only at the comers that is,
through the common oxygen atoms, bhut not at the edges or faces. Figure

I shows—-a-representation of the Si()4 tetrahedion and the distances

invelved (1).

Figure 1, Silicon Oxide Tetrahédron

The internal structure of vitréous silica consists of amorphous
chains of the basic tetrahedra (Figure 2). This corcept is supported

by theoretical-work-by Zacliariasen {2) and x-ray dJiffraction work by

Warren (3).

®  Metaork forner
) Oayyen

ligure 2. lrregular structure of Vitreous Silica
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Lach.silicon ion is effectively "screened' by the oxygen ions in the
arrangement of Figure 2, and the bond between the silicon and oxygen 13
basically ionic. The structure is not perfectly rigid, since the chains
of tetrahedra can flex somewhat with applied force. This means that
under sufficicat pressure, glass can flow slightly.

In the. interior of a piece_of.silica each silicon ion is surrounded
by oxygen ions, thus producing a minimum encrgy configuration with
respect to ionic and overlap bonding, On the surface, hovever, the
silicon ions can possess extra energy since they cannot be surrounded by
oxygen ions. Therefore the surface of a pieco of silica has excess
energy compared to the interior of the samé piece, a concept confirmed
by measuring the energy necessary to create a new surface by shattering.
Since the surface is not in a minimum energy configuration, it follows
that a silica surface will be chemically reactive with surrounding matter.
for example, a surface silicon ion will possess less enexgy when honded
to a water molecule than when unbonded, allowing the hydrogen iuns to
surround each silicon ion in the surface and producing a minimum energy
condition similar to the interior,

A silica surface is particularly reactive with another silica surface.
When glass bottles come out of the mold, they must be sprayed with a
coating or they will sieze on cuntact. The adhesion of silica to silica
lowers the surface energy to that of the interior, making a strong bond.

If the silica surfuce is expused to weiar *no hydrogen 1ons 1n water
serve to screen the silicom ions, forming a chesial Lond hetween the

silica and a thin layer of water on the surfuce



This layer is at most a tew molecules thick; ior once silicon ions are
screenad, the chemical attraction for more water molecules is lesscned.

Finally, the surface of a piece of silica exposed to the air for—
any length of time is covered with & chemically bonded layer of water,
Since the water. layer forMs a barrier to a silica-silica bond, what

force is responsible for a optical contact?




11§, THE NATURE OF THE BOND

Van dJer Waals Forces

It is known that there are attractive forces acting between
neutral atoms or molecules which are ;;pqrated hy distances that are ..
large compared with their own dimensions. These are known as van der Waals
forces and are of & long-range nature, for they decrsase according to
a power law, It is these van der Waals forces—_that are responsible for
optical contact, We shall give a brief ocutline of the theory of these
forces and present an equation for the binding force between flatr plates
which takes into account the material of the plates, the temperature, and
other parameters. A rigorous derivation of the force equation is given
in the appendix.

The Lifshitz theory of the van der Waals forces (S) is based on the
idéa that the interaction takes place through a fluctuating electro-
magnetic field. Because of thermodynamic-fluctuations, this field is
always _present in the interior of a material medium and arises from a
statistical-displacement of the atoms from their equilibrium positions.

The-van-der Waals forces arise from electromagnetic interactioms.

As was shown by London in 1930, they arise from second-order perturbation

. theory applied to the electrostatic interaction between two dipoles; the

energy of the interaction is proportional to the inverse sixth power of
the distance bétween them, The existence ot attractive forces hetween
neutral atoms suggests analogous forces hetween uny two macroscopic bodies

whose surfaces are separated by very small distances,
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We can. roughly visualize these forces in the following way. The
average distribution of electronic charge about a mclecule is symnetrical,
for this is the minimum energy configuration. liowever, thc clectrons move
about, so instantaneously the configuration departs from symaetlry, and
a small dipole exists. This momentary dipole will effect the electronic
distribution of a nearby molecule, inducing an oppositely oriented dipole
moment onto the second molecule. Although the mome: “ary dipoles and
induced dipoles are constantiy changing. the net result is attraction
bétween. the molecules.

The calculation of these forces on the basis of interaction hetweun
individual atoms is impossible, however, In material bodies the close
packing of the atoms materially changes the properties of their electronic
envelopes, and the presence of matter between the interacting bodies alters
the electrunagnetic field through which the interaction is effected.

The interaction between atoms in a s0lid may be treated theoretically
by replacing the lattice surrounding the atom in question by a hypothetical
effective field, which-sums up all the interactions of all the surrounding
lattice. Then the interaction:; betweéen a given atom and the lattice are
calculated by considering the interaction betweén-the atom and the effective
field, a mich simpler calculation, Lifshitz (S) used this approach in his
theory of the van der Waals force between macroscopic bodies, lle made the
following assumptions: 1} the materidl bodies are continuous media, 2) the
interaction is through an effective field, 3) the attractive force is due
to the incroment to the energy of a material Lody Jue to long wavelength
f luctuation of this field, and 4) the distence heiween the bodies must be

small compared with the wavelength ot the fiuctuatimms of the field,



Using these assumptions Lifshitz arrived at an expression for

the force between two plates that varies as the inverse fourth pawer

of the distance, The limitations on the juation are that all

characteristic dimensions of the system must be large compared with

interatomic spacing.

It should he made clear. that the fluctuations in the field manifest

themselves externally as. quanta of radiation, and w ‘velengths nust be

large compared to atomic spacing. All properties of the lomg-wave-

length fluctuations are completely specified by the complex dielectric

B pemeability of the body.

The Force Equation

Dzyaloshinskii, Lifshitz, and Pitaevskii (6) have derived the

r unit area I between two solids

. “_g:-.:s.)......a.lﬂ_.l.l..‘ Lo

following equation for the force pe

(See Figure 3)!
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Figure 3. Geometry of lerivation.
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where! is the separaticn between the solids, € 15 the speed of light in

vacuuo, AL is Planck's constant, &

ng the static Jielecctric constant of

the material_rg ’

andl is a parameter iavolving the surface geometry of the integration
and is dimensionless. |

if we assume that materials 1 and 2 are the same, and material 3
is a vacuum, then €,,2 €,,% €, and €4, = £ .

Equation 3,1 becomes
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where S=(e‘, -l f:)‘l"‘. This equation is limited by the requirement
that .lkT'/ﬁt. «x 1 . (For a more complete derivation of this equation,
see the appendix).

It is to be_noted that equations 3.1 and 3,3 are-independent of
temperature., This means that for temperatures nommally encountered
(from roughly four Kelvins to several hundred Kelvins) the temperature

variation in the force is very small,

Applications to Quart:

The case of quartz has certain peculiarities because of the specific
properties of its absorption spectrum, Quartz absorbs strongly in the
ultra-violet (from about 1500 &) and in the infrared (from severalu}
and between these wavelengths is transparent. The contribution of the
ultra-violet absorption band to F can be estimated from eyuation 3.3 by
putting €, equal to the square of the refraction index in the transparent
optical region. The contribution_of the infrared is smaller by a factor
lwg[c (W is the infrared absorption frequency}; thus we can neglect
it and use equation 3,3 to calculate theforce.

In Table | wve list the characteristic constants for quartz to be put

in equation 3.3 for the force calculations,

1ASLE 1

values of Physical parameters

€, = 3.75 fur quartz

&, s YO for wat 3"

f = 1.OS ¢ MO T Joule-Sec.
< = 3 x0¥ Wses

R

varies {rom 10 R to 10,000 A
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The force equation (3.3) was then integrated nunerically ove: a
rahge of (0«P«1v0, Above 100 the incrementsmto't were converging ropidly
to zero (4.!5‘ parts per integration). The results of this inteyration
and the force per unit area as a function.of plate scparation o1z given
in the appendix. The values of the force for pure dry quartz range
from 2.7 x 10'2 nt/cn2 at 100 R distance to 274 nt/cm? at 10 R. Tiis

force.implies considerable adherence. .

Il
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IV, OTHER ASPECTS OF THE UPTICAL BUND

Effects of Surface Contamination and Surface Roughness on The Bond

Surface.contamination and surface.roughness can have a large effect
on the bonding of two pieces of silica. If particulate contamination is

present, then the surfaces are prevented from com:ng into the intimate

contact necessary for optical honding. Also, if surface irregularities
are present, the surfaces will not contact in a large enough area to form
a bord.

In an experiment to determine the extent ot particulate contamination 4
of “clean" glass, Bastow and Bowden (7) report that wlien a clean plate,
optically polished to within .25 micron of flatness, was lowered onto ]
a similar plate in air, the two surfaces remained about four microns apart
and did not come into contact. This was due to the use of ordinary cleaning
procedures which left particles about this size on the surfaces. llowever,
when extreme care was taken in cleaning and protectiung the surfaces, the
distance between the surfaces was about 0,15 microns.

If we assume that_two plates are .45 micron apart, we can usc¢ the
theory of the previous seetiom 1o caleulate the van der Waals torce, ]
Referring to Table Al in the Appendix, the value of the force is 6 x 10 9
nt/cm:. a ver: small furce, iheretore, the piulv» awust be pushed together
with considerable {orve ah otdes ta bean thod olowe enough together to
cause adiesion. #his torce will increase . the anownt of dust contamination

increases.




An estimate of the force necessary to push the plates together nmay
be made by the following technique, If there are five particles each
five microns in diameter per square centimeter on the surface of a piece
of quartz, we may use a method developed by Holm (8) to determing that
it takes approximately 100 grams of force to push ancther plate into

contact with the first piece. of silica and bury the particles into the

silica, This is assuming a_contact hardness of 70,000 Kgf/em? for
silica. (9).

If the surfaces are not perfectly flat, then the contact area will
be quite small. The actual contact area can be calculated using another

metheod of Holm. The load gland the hardness {i ars related to the contacr

area A by the formula
P = KHA 4.1

where K is 0,02 for a polished surface,
The factor K varies with the degree of tlatness of.a surface; for
a-one quarter wave flat the factor is less than ,001, If we assume a

value of 0.02 then we may calculate the contact area as a fumction of

1oad,

Table 11 shows the results of this calculation of contact area as a

tunction of varying pressure, ncglecting the van ler Waals forces,

13
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TABLE 11.

Load, Kg Contact Arez, em”
1 7 x 1079
2 1.4 x 1028
10 7 x 1073
50- 3.5 x 1072
100 7 x 1072

If we assume that the areas in contact are closer than twenty
Angstroms to each other, then from.Table LI we obtain the figure of
1.4 x 10°3 ca? for a load of two kilograms. This will produce a binding
force (See Table Al in the appendix) of over a hundred grams, enough to
cause the pieces in contact to sieze. This is in agreemént with Bastow
and Bowden, who reported, “A preéssure of severil pounds was applied to
the top plate .... The plates now adhered to one another and it required
some force to separate them,"

We may conclude that the formation of an optical contact bond is a
function of the amount of particulate contamination and the surface
roughness, If the surfaces are extremely flat, to a quarter or tenth
wave, then the factor in Holm's equation is reduced further and bonding
will occur at a pressure of & kilogram or lese,

The particulate contamination is also an important factor in the
tommation of the bond, since a lirge number of particles can prevent the

surfaces from caeing into intimate contact,

14
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The particulate contamination should be kept as low &s possitle
in order to 1) reduce the force necessary to form the bond and 2) to
form a stronger bond. A class 10,000 clean room is recammended a a..

minimum requirement for assembly enviromment.

Effects of Surface Water Films
m

The previous discussion has beén based on a ¢ls.a, bare silica
surface, Since a fresh silica surface is extremely reactive, we must
assume that any piece of silica which has been ground and polished wil}
have a thin film of water chemically absorhed onto the surface. The
presence of water on the surface forces us to change our calculations
on the force needed to produce bonding, for McFarlane and Tabor (10}
report that the adhesion of a glass bead to a flat plate was dependent
on the humidity of the environment. The experiment was repeated with

glass plates in a humidity controlled environment and the results are

shown—in-Figure 4.

15
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Figure 4. Adhesion of glass surfaces as a function of the humidity

of the atmosphere. Curve @ shows adhesion results, Curved

shows the thickness of adsorbed water film as a function

of hm’.dity .

It is apparent that the_strength of the adhesion depends on the

thickness of the water layer on the surface. Let us use the theory of

Section 1lI-to calculate the force between quart:z plates with a thin

luyer of water adsorbed onto the surfuce. lsing 80 as the value of the

dielectric constant, equativn 3.3 was evaluated nuwserically as a function
of separdtion; the results are shown ia Tabie A Il in the appendix. For
all distances the force is aimost five times stromyer with a water film
than without, These numbers are rough, fur there are many unknown
parameters. |lowever, this does cvonfirm that the tilm of water makes a

stronger hond than bare stlica, More will he sail about this in the

conclusion section,

16
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The Theory Applied to Other Materials ) _

It is_of some_interest to determine the van der Waals force between
materials_other than quartz, and for metals as well, The only material _ ;
property that enters into the derived force equation (3.1) is the ;
dielectric constant ¢, For other solid insulators, the force will not
vary a great deal from that of quartz, since the range of dir'>ctric
constants of inorganic nonmétallic solids is not large.

The basic theory can be applied to metals as well,__Assuming that__

two perfect mirror plates are in vacuun and the dielectric constant
approaches infinity, the force equation becomes

A
Fs J e 4.2
Avo 1Y

which, for a distance of 10 Angstroms, gives 2 x 104 newton per square
centimeter, |
The result is-much-larger than for quartz, giving a strong cold

weld to metal,

Methods of Breaking The Bond

It has been determined that the low viscosity oil used to separate
gauge blocks can similarly separate optically bonded pieces of quartz,
‘tThe mechanism of the breaking of the bond was studied by Mcharlane and
Tabor, (lU) who suggest that it materials are vonded through a liquid ]
film, the strength of the bund ties in the amount of energy required to i

create two tresh surfuces when the bond is broken and the film broken:

17



That is, energy must be expendéd to create the new surface. I1£ the
pieces bonded together are immersed in a liquid which wets the material,
there is no new surface created and the bond strength is lowered to that
produced by the viscosity of the liquid. The pieces can be separated
slowly,creating no new liquid surface.

Since optically bonded quartz can be separated by the oil, it seemns
that.the optical.contact is indeed produced in part.by a thia liquid
film on the quartz surface. This implies that liquid immersion of same
sort may bé the best method of separating the plates. Later we shall
outline a research program to find the best method of breaking the optical

contact.

18




V, CONCLUSIONS AND RECOMMENDATIONS

From the above theoretical discussion we may draw the following

conclusions:

1)

2)

3)

4)

5)

Optical contaét is a complex phenomenon dependent on the
previous history of the surfaces to be bonded.

The bond _is—a result of van..der Waals forces acting . . . .
between the quartz bodies, but modified Ly absorbed
layers of water on the surface.

The boiid can be broken by immersang the quartz pieces

in a suitable liquid and slowly moving them apart,

The formation of- the bond is strongly dependent on
surface flatness. ilowever, by applying sufficient
pressure, less flat pieces may be bonded., The objects
to be boided must have surfaces flat to one quarter
wave; one tenth wave would be better.

The bond is dependent on the smount of particulate
contamination present,

The contact should be initiated in at least a class

10,000 clean environment.

1t may be possibie to useé optical contact in teéchnology; however,

much remains unknown alout the practical aspects of the bond., The following

progran of experimental research is strom:-)¢ recommended to fill gaps in our

knowledge of the phenomenon.

19
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Program of Liperimental Research

In order to technologically use optical contact, the following
areas need further exploration:
1) Pressure necessary to form hond as a function of
surface roughness and flatness.
2) Lffects of surface particulate contamination,
3) Effects of humidity on bromd jnitiztion,
4) ‘leasurement of .strength of bond as a function of contanination
and amount. cf water vapo: precent,
£) Strength of lLomd at cryopenic temperatures, nparticularly
four Keliirs.

) Permanence of bond,

Ne shall outline experimental.-methods to implenent this exploratio,.

Material for kxperimental Tu:ut Vigces

A minimum of five pairs of fused quartz cviinders will te renuired
as test pieces, each with a large height-to-liamster ratio (greater than
1:1), and with mating surfaces polisheu flat, (Figure 5), Thesc may be

obtained by core-drilling sample jieces out of.a large flat picce; this will

ensure that the lest picces are flut to the edge, The large height-to-diameter

ratio will allow the test pieces to he fasternod down for strongth tests, The

picces shoald "uevey o oneek it M5 1w s s stlee ttachment te a machine for

Ve ih

tnsile téota,

Turee of th opaies Voot by e s flarpess o0 oo e Lepgt

ane ulf wavelengrl | et iy crar o0 Pt e rrotavin, 0 eltar tup

ke teeall e Faecol L Gy iy preor o tbde, e tier than one tent! vavelengt
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Figure 5, Fused quartz test piéce for Uptical Bonding kxperiments
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Pressure Necessary to Form Bond

A device to hond the pieces with a known applied pressure is
shown in Figure 6, A means of ohserving the bonding surface while under

pressure should be provided.

Humidity Effects

A chamber in which humidity can be easily contrelled.should be
provided for the pressure device. An enclosed area such as the room used
for electret research would be an ideal controlled environment, for the
humidity can be controlled easily in such a room {(Figure 7). The time
to form a bond and the bond strength should be measured as a function
of humidity under constant load, In addition the load variation at

constant humidity should bhe measured,

Strengih Mleagsurements

A tensile stress machine should be provided to pull on the
samples and test the bLond strength. A commercial machine would serve
quite adequately for this purpose. After—ecach bond is formed the force
required to breah the bond should be measured up to a realistic limit; the
force should not be sufficient to break the quartz itself, for the required

bond does not Lave toy be that strong.

basic Litetiae

It has boon noted that optically honded pieces of glass tend to

come apart after a certain length of rine, 7T cts should be made to determinc

22
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Figure?. Humidity charber to test humidity dependence of Optical Bond.
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in addition to the tensile strength the decay timc of the bond as a function

of surface flatness, particulate contamination, and temperature,

Temnerature Denendence

A cryostat capable of maintaining the sample at four Kelvins and
physically isolating it from the cooling fluid will be required, 1In
addition, the cryostat should allow performance of tensile.strength tests
while the sample is at cryogenic temperature, <uch a eryostat is shown

conceptually in Figure 8.

Cryostat vescription

The quartz test pieces are mounted in a chamber which can be
pumped down to at least 10°3 torr, and the chamber is sealed with an indium
o-ring to exclude the cooling fluid, The test chamber is connected to the
top plate which is at room temperaturs by four stainless steel tubes, each
one half inch in diameter by n.015 inch wall thickness, Another tube will
enter the chamber, sealéd by hellows, and will exert an upsard force on
the sample. A needle valve of special design will allow cooling fluil to
enter the chamber in a controlled way.

The upper part of the cryostat should consist of a sturdy plate
for maunt i and & vacuua womestion and vaiue,  the tensile stress tube
shout. be attacted to 4 dilance bedi 30 wedy. 03 cay le attachad to put

stress on the swnpie, (Figure 9),
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The test dewar should be of metal and have two scctions, one
for a liquid nitrogen jacket surrounding the center where liquid helium
may be placed,.

The program of experiment should mainly test bond strength_at
four Kelvins as a furction of humidity when the bond is made. Also, the
effects of immeérsion.in liquid helium should be tested.

In conclusion this program of experimentation should yvield
sufficient information to determine the feasibility of using the optical

bond.on the relativity satellite. Also techniques will be developed to

aid in technoleogical use,
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Appendix 1. lerivation o the Force Lguation

Follewing Dzyaloshinskii, Lifshitz, and Pitaevskii we shall Aresent
an outline of the derivation of the force equation 3,1, JFor more detuail
the reader is referred to reference 6.

Using the.-Feynman invariant techuique, the above authors solve in
principle the calculation of the van Jer Waals part of the thermodvnamic
variables of a body in terms of the Green's functions as propagators ot
the interaction,

The gap separating two hodies ma: be vonsidered to be filled with
any liquid., We shall denote the two -0lid hodies iy the indices | and 2,
while the medium which fills the yap will be denoted by the index 3. The
gap will be represented by two parallel planes,

The total force acting on the body 2 can be calculated as the total

momentum flux that enters the body fram medium 3, that is. as an integral,

Fout,

over the surface; where o 13 the stress tensor in medium 3. From the

&
Feynman techniques the stress tensor can be written in terms of the Green's

functions as
T s £ . . Fo
o = {eJI-D,-_‘ (27 - 45D ")

[ Al
S NEERESUN I,

where T is the temperature,g is the d:electric peraeability of medium 3.

and the D's are the Green's funciions.
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We can now write the force per unit area of body 2 as
. ‘N, T € o~ &
FI - o W= 55 i%b’” (L4 ) ¢ DO €.)

- DM E(.l'[" §“3] ¢ 'D,_HH(PJ; §,,) r Dl:(a“,&)
— D, ?; 6.
a1

Al.2

where a positive force corresponds to an attraction and a negative to
repulsion.
The problem is reduced to solving the standard equations for the
Green's functions. It can ve shown that the purts of the Green's
functions which depend on the sum)_n;'make no contribution to the expression
Al.2 for the force F, If we put X = X' in a solution of the form £° (X +X}
we would obtain a momentum flux in the gap which varied with the co-
ordinatés, and this would contradict the conservation of momentum.
Therefore, only those parts of the Green's functions which depend on
X - X' will be taken,

The Gréen's function solutions_are given as follows:

F\erP(UU,l‘I, x <O
Dz£= B ep {~wWir), X >0 Al.3
Coepplun, ) v &, vy ¥~ ":__|.'_ \‘7(’('1-05'1-1'”-

- ,((-e




e, -

o ——na s o gt st

A i

T i Sl b @ AP e

Determining constants from boundary conditions we have

D..= BV cosh w‘(j;.fx']'

WA Al.4
where
- 2 (Vv.t-ws)(l.,u veady)
Cmene [l ) By
A | P Y (\»U."Wg](w)\-u)g) ' Al.5
1 2, !
; A
where w =~ (€€ + q \
§n= ATnaRT , and ¢ is a function of the surface..
In like manner we can get for Dy)
aTw .
.Dv.” = 3_ COﬁL\ Ws(x “X ) Al.O
re. A .
- (&, W, ¢+ e,w.)(e,_w‘d-e,w;,
where -~ |- 5 [(Ru.' ¢ iR -4 2a)
A “H ! ) (&, Uy 'élw.}(éx\'\)g"égwa)
J
and the other tireen's functiona:
- Y
.D’s\f - _:;.ﬁ_ :,:h\'\ tUs(!"'h) AL C
Eney O .
] n-c‘L L
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If we now calculate the quantities D, (x.%,9; ) anu

I
])MH_(L'A; q; g..) and substitute them in egn. (Al.2), we get:

FL?\=-;."_; “5:;' j:p?clq P Wy (-A— r _Zlf) ’ ALY

i
Transforming to a new variable of intejration p, where ¢ = En,‘esfﬂx"l)_) /o
and returning to a normal system of units, we obtain the tinal expression
for the force F acting on unit area of each of the two bodies (media 1 and

2) separated by a gap of width { which is occuried by medium. 3

I.!

kT 2 i . {“'--" T (s Mo / 2 1
"(1) —3 ‘-“, E‘ﬂ :')- h T >0t ( PE
T T TG e MV )

6, + P6./€) (52 + P&i6s) (,{ € Sl Al 10
[5 - Pel163)(s.t péu’ég) . IE" ) ) ,} J P

2 \L " _ _
where S, = (6fes -1 40" )2 S, x(Crhy-1ap k¢ - ATAKT [ 6, 60,6y

are functions of the imaginary (regquency . -tJ,,"_,_., e(ﬁg)) ;5 oand h

is poltzmann's constant, The sunmation is taken over integral values—of

n, and the dash attached to the summation ~ign denotes that the term with

n=o0 is given half weight. Pasitive vulues of F correspond to attraction
hetween the hodies and neg:tive values to rerulstion,

Mhas fomula (1 24 . tee. bor hodves s rated by an empty gap)
was first derived by Lifshitz hv mother motho. iich Jdid not we the
techniques of quantu: field thoorv, These tuihni ues are, howevar,
necessary for the generalizaticn of tle result tooa pap filled by an

arbitrarv mediua,




The only macroscopic properties of the bodies that determine the
strength of the molecular interactions are the imaginary part of their
complex dielectric permeabilities, If the bodies are identical ( «,= €5 )
then the expression under the integral is_always positive for all the
terms of the sum.in (Al,10) and for given values of p and ¢, it decreases
monotonically as increases...llence_it follows that F»gand dF/dt<c, i.e.
identical bodies at.tract one another irrespective of the size of the gap
between them while the attractive force decreases monotonically as the
gap increases,

This statement is also valid for two different media which are
separited by an empty gap (¢,=1 ). If the bodies differ and the space
between them is filled by some fluid, then the force between them can be
either attractive or repulsive (see below).

The general fonmmul: (A)Lj0 ) 1s very complicated, but it can be
considerably simplified if we use the fact that the influence of temperature
on the interaction force usually turns out to be negligible.

Because of the presence of an exponential under the integral in Al.lu

the important terms in the sum.will be those for which Eavle or nm(‘n/k-'-?.

For AT/ b & 4., large values of n w.ll thus-he_umportant and we can
replace the sum by an integration over dn = (H/AMxT)dE . 1he temperuture

now Jdrops out ot the formuls an:i we ara lo:t wits the following Tesult-

06 3 ! .
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Equation (Al.1l) is still complex but it can be simplified further
in two important limiting cases_

First we consider the limiting case of small distances, by which we
mean distances wliich are small compared to the wavelengthsi, which
characterise the. absorption spectra of the given hodies, The temperatures
which are applicable.for condensed bodies are certainiy smail compared to
the fw which are important here (for example, in the visible region),
and ther’eEore the. inequality kW/ﬁC <¢| is known to be satisfied.

Because of the exponential factor exp {A.ﬁé'fﬁ:/c ) in the
denominators of the expression under the integral, those values of p for
which P§P/c ~ | are dommant in the integration with respect to dp. In
this case pJ» L and therefore we can put<*5,%P in the main terms. In
this approximation the first tem in curly brachets in (Al.1ll) is 2ero,

while the second term gives on the introduction.of the variable of integration
i
ae APpEeyr/

A 2 JlereXess ay p Y- AL
F- o4 Sj.j: X Lél"ez\(ég"€3‘ € IJ dlclg -

(in this approximation the lower limit of integration with respect to

is replaced by zero),

This force is proportional to the inverse cube of the distance, as would
be predicted by the usual theory of van der Waals forces between two atoms,
The functions <€) ~| dectease monotionically .ssg increases and tend to
z2ero, Therefore values ot £ which lie beyond a .:e-r:ainf; make a4 neglipgible

contribution to the integral; the conditiun that F should be small 1s that

fee /g, .
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To estimate the accuracy of the limiting behavior derived above
it is useful to have the next term of the expansion of the function }_(}).
Calculation from the general formmula (Al.1l) gives (for similar bodies
separated by a vacuum, €674, €371 ) the expression
0@{1[6{‘, ) _']
59 é(“.fj + 1

which must be added to (ALt2). However, it is not possible to make a

2

¥ a€ Al.13
realistic estimate of the region of validity of the limiting law without
knowing the fom of.the function €(<¢).

To an accuracy which is quite sufficient i1n practice, L. {Al. 1D
can be written in an even simpler form by neglecting unity compared to

the term with c" in the square brackets, (The accuracy of this reduction

is connected to the fact that an integral of the form

-

Qa 40 -
Y I * ﬁ Al.14
f oq

e’ |
varies very little as 2 varies fromoeto 1; from 1 to le2 for n=2, to
1°08 for n=3 to 1'04 for n=d4, etc,) Then the integration with respect

to dx can be carried out in an elementary way, and instead of {Al.12) we

get
hw (e - 63 )6, ~
F-= Vi D z = €s) 3.....?.1_\_
sywg3 Jo (6,46 )€en ~€,) d AVIS
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v et 4 = T PR

The qu_mtitylwl is some characteristic frequency for the absorption

spectra of all three media.

We now turn_to the opposite limiting case, that of 'large” distances;
figa . We shall however suppose that the distances are not so large as
to invalidate the inequality .Q&T-/% <« |,

We introduce into the general formula (Al.11) a new variable of

integration t-i{,:l{/c. , but as the second. variable e take.not. § (us
above), but p

_ he (P03 3, ([ (St p Vg -1
Fe s ], {30 e [ et} |

&,-rNs2-P)
Gorpéles)onvpe f€3) -
r—[_ VP Efey Ly
S, ""PG‘/G;)(S)‘—PG;\/ES) Cf‘P (" f‘t| ) ,J Jf&f

Because of the presence of the factor exp ( X &3>

Al.lo

) in the denominaturs,
values of | ,%.‘:lare the only ones important in the integration over dx,
and since p2| the argument of the functionf for large _f_ is nearly zero
over the whole of the important range of the variables. Because of this
we can Teplace§, &, €3 by their values for {..-:O i.e., the electrostatic

dielectric constants. 1f we then replace 7-{('40\%? by A we finally obtain

the following result

, Ll al - '}
Feo M, | o [(atlone) 7
2T N, , PP s~ M- -I.]

ALY
,*.r{ 5.0"" Pt“"'ic'.)ts“p r\{»fu'/tsca) ‘,A '-“ "
(S - Plufen)oro-Poafess” | Spdx

Sm"- (élule?’u 4 Pz_-\‘,i'
Sag = (E,,,,/f“ -1 4 Pa)l,_
)
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where &, €0 ,€,;, are the electrostatic dielectric constants,
In accordance with the sbove property of integrals of the type
of (Al.14), equation (Al,17) can be written with considerable accuracy

in the fom:

e 00[(5,9~#ISA.-P) 2B Pafes W20 Piolbi) o) s
lbﬂljte'o)& A EﬁmrPKSM*P) (5p1p‘hltm)SM+pfao[G‘y)
X ¢p
Pl

llere only one integration remains and in principle this can be reduced
to elementary functions; the result is,howevery so unwieldy that in real
calculations it is better to use numerical iategration,

It was pointed out above that if the two bodies differ and the
medium between them is filled with fluid the interaction can be either
an attraction or a repulsion. Thus, from (Al,15) it is clear_that if
€, -6&3 and €5, -53{. have opposite signs in the important frequency
range, _then F<0, i.e, the bodies will repel each other for '"small"
separations, At "large" separations the forces are detersiined by the
electrostatic values of the dielectric permeability: ife,.- &30 and
&a0- €10 have the same sign F>0, while if their signs differ Fq0.
Furthermore. since the relative magnitudes of €0, €, €3, are not in
general related to the behavior of the functions €(§), EA(;{)’ eyla€)
in the frequency rdnge which is important four these bodies. it is possible

in principle to have cases in which F changes sign at some value of J .

The temperature depéendence has dropped out in equation A).18. implying

that the forcé is independent of temporature over the range normally

eacountered,

3y




This is true as long as AT<<fiw, for at optical frequencies T> 10k,
Therefore as lomg as we are at temperatures less than 1000 Kelvins there

is little change of the van der Waals force with temperature.
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APPENDLIX 11. TABLES OF VAN DER WAALS FORCES A3 A FUNCTION OF DISTANCE
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RUN

VAN DER WAALS FORCE BETWEEN QUARTZ PLATES AS A

FUNCTION OF SEPARATION, D

n

IN ANGST

10
20
3@
48
1)
60
70
g0
20
140
110
128
130
140
150
160
170
180
198
200
aes
400
1717
600
700
800
onn
1080
1100
1200
1300
1400
1500
1680
1700
1800
1900
2200
2100
2200
2300
2400
2500
2600
2700
2300
2300
W00
2199
200

F IN NT/56 CM

2T4.378

17+1486

3..38738

1.07179

« 4390085

«211L711

+ 1142177

6+69858BE-02
4.18196E~92
2.74378E-82
1+87404E~02
1+32320E-02
9.606T4E-03
7.14228E-03
S.41982E-03
4.1866BE=-03
3.2851.4E~-03
2.61372E-03
2.10540E-03
1+71486E-03
3.38739E~-04
1.07179E-04
4. 39005£~05
2.11712E-95
1.14277E-05
6¢6986BE-06
4.18195E-06
2.74378E-06
1+874M4E-06
1.32320E-06
9.60674E~87
7.1422RE-07
5.41981E-07
4. 1866BE~07
3.28514£-07
2.61372E-07
2.10540F-97
1. T1ARBE~B?
1.410RZE-0Q7
1+17127E-07
9.80474F~0R%
B.26998E-08
7.92498E~08
6.90421E~08
5. 1629 1E-98
4. 4639 3E~08
1, 87933E~-08
3. 38 734E-08
2.971RPE-028
P.61667E-08

ineud AL
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PAGE 2
D IN ANGST

3300
3ape
31500
3600
3700
ageo
3900
2200
41009
4200
4300
4400
4500
4600
AT00
4800
a9 00
5000
5100
S200
5300
5400
5500
5680
5702
5+289
592¢
6090
6109
6200
6300
6490
6508
6600
6700
6800
6900
7000
7100
1200
7390
7400
7500
7600
7700
1808
7900
RoQe
1100
voRn

£ IN NT/SG CM

2.31363E~08
2.05321£-08
1.82842E-08
1.63358E-88
1+46400E-08
1+31588E-~-@8
1.18602E-08
107179E-08
9+.70988E~-09
B+81LT63E~-89
B.P25S4E-09
7. 320486E=99
6+69113E~-09
6 12799E-09
5«6228TE~89
S« 16874E-09
4. 759 S4E-BY
4+ 3900SE-09
4.055T3E-09
3.75263E-09
3« 4TT33E-09
3.22682E~09
2.99846E-09
2.78995E-09
2+59926E-09
2. 4245S8E-09
2.26434E-99
2:,11711E-09
1:.98166E-09
1 OBSGBBE’ﬂg
1.74176E-09
1+63542E-09
1.5379BE-Q9
1+ 44602E-09
1.36160E-09
t.28326E~-809
1.21047E-09
1.1427T7E-09
1879 73E-99
1.02098E-09
9.66179E-10
92.150Q3€E~-19
B.67170E~-10
B.22423E~19
7.80%248~10
T.4126|E~10
T.04435€-10
6+69868BE-1D
6+ 37396E~10
HeB6R6TE~-10
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PAGE 3
D IN ANGST

%300
R a0@
A500
2600
3708
Bgoa
]9 00
9000
9100
9200
9300
9 400
9500
9600
9700
9800
9990
1¢0p0

READY

F IN NT/Se CM

5.78145E-10
5.51102E~ 10
5.25622E-18
5.01597E~10
4.789230E-10
4.57529E~10
4.37310E~- 10
A.18195E-10
A.00114E-18
3.82999E-10
3.66790E-19
3.51L429E~10
3.36864E- 10
J.23DA6E-1D
3.09929E~10
2.97471E-10
2.85633E-10
2.74378E~10
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F.J=UN

VAN DFR WAALS FORCF RFTWEFN QUART? PLATFS AS A

FUNCTION NF SFPARATINN. D

LANG RANGF VI TH
1IN ANGST

10
20
30
af
=17}
AR
KX
][R ..
on
10Q
110
120
130
140
15A
1 AR
17
184
190
i d
ane
ANA
Sea
ARD
700
204
900
L)
1100
1P0R
1300
1400
I 54
1608
1700
1800
190
2000
2100
2207
2300
capp
2500
2600
210
PRAM
LEY X
1P
T
R A d 3

WATFR Fltm

TABLE A II

F IN NT/7SH CM

11R6.1

7a4+1313
14. 6432
463321
1.89774
«9.15202
« A9 400D
+ 289576

<IROTIRL. .

«11RA&1

B« 1A123E-02
S.7201F-R2
4. 15PRTIF=-A2
J.RARTS2E-Q2
Peab9IoF -
1+BA9RHF -2
14201 2F -2
1. 129RREF-02
F+1013RF~Q3
7+41313F-03
1+ 46a02F-03
A.63321F=-P4
1«R9776F=-0Q4
9.15PA2E-05
419 A0G3E~DS
PRILHTE&F-05
1 uﬁﬁ?RﬂE‘ﬁS
1. 1861°F-05
R-12123F-06
5. 7TPRQALF~-QA%K
4. 195PRTF-N6
1. PRTIS2F-06
2:.34291F-0e
1 RA9RSE-~-QA6
1eaPR|2F~A6
1 - 1PYURIF -4
3. 1A1ARF=-07
Tea131AF-AT
AvAARRAF-07
S ﬂﬁ???f A7
&, 2ARARE -
3. 3751E-07
J+ AL apF-07
2+535%aF-A1
PiP3IREV -0
1«29 70 -7
1+A7TA99¢ =037
1. 4643PF~N7
1.7 233F=-17
1«13115F-07
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P IN ANGST

33pa
a0
asen
3600
3rpa
IR0
SN
AN A-
a19@
4200
4300
2400
ASAR
4600
470 @A
L1
4900
141717
S100
590Q
5300
Sanp
5540
S600
5700
5804
900
APOO
A10@
APAD
6300
AL R
ASAN
AAROR
ATAR
AR AR
qun
TRAR
100
"T2ap
73600
Ta00
7500
TRAR
1760
TRAG
CYR
R T ¥
(N

I TR

F

iN NT/5Q Cm

1«.0Q15E-07
ReR7577TFE-0%
79040 AE- AR
T.RA174F-08R
6. 3PR71E-0AR
S.6RR36F-0R
S+ 1P71PRE-AR
4.63321F-0R
4. 197A6E~2R
3.81t75F~-0R
3469 35E- AR
3¢164%54F - AR
2.RIPA9F - QR
2+649A5F~ 08
Pea3MA9E-PR
P+PIA2RFE-AR
PeASTAL9F-0R
1.R97176F-0R
1+75324F- 08K
1.62021F-08
1.54321F-0R
139491F-PR
1429620R~-¢R
1+20606E-07
1+ 123637-0R
1«NAR127-0AR
9« TRRA4E~ D9
9. 1521 E-09
R« 56643€~-09
R«A27PIAE-AY
7+52979F~-A9
T+AAT|F=-A9
he GA4%9F A9
Ad25095F-29
H.RY A3 -A9
S5+ 547 )6F~ 019
5.23PA9F -9
A.9 A1F - A9
GeBATH4F - PG
4.0l 1TH9F - A
Ge | TH6RTH - P
A aarF ¢
Fa T 4% 19
3+.5%4%PaF- N9
T« 3741 1F-019
A4 PR AITF - P9
TeP o, 1RF- Ay
PR PHE - PG
o155 YRF- a9
poﬁ?]”‘F'ﬁq
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PAGF 3
TN ANGST

1A
Hann
K S0A
R&AN
RI00
RRAM
R9QAA
000
9100
9200
9300
Q400
9500
9600
3706
EAtly
9900
10000

RFADY

F IN NT/S0 CM

P.49925F~09
?.3R234E-09
P« 27220E~909
2.1 6RIAE-O9
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APPENDIX [11,

GRAPH OF VAN DER WAALS FORCE BLTWEEN PLATES AS A FUNCTION

OF DISTANCE.
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